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The expanded ensemble method, previously developed for free energy calculation 
[J.Chem.Phys., 96,1776 (1992)l is applied to calculate chemical potentials. The expanded en- 
semble is composed as a sum of canonical ensembles with gradually inserting the ( N  + l):th 
particle. The probability distribution over the subsensembles is directly related to the ratio of 
the partition functions and, hence, to the free energy difference. The gradual insertion elimin- 
ates the difficulties arising in using the standard particle insertion method at high densities. 
The problem of an optimal choice of subsensembles is studied in detail. Since the chemical 
potential is defined as the Gibbs free energy per particle for macroscopic systems, the present 
method allows calculation of free energies in a convenient way. The method is applied to 
calculate chemical potentials and free energies for a Lennard-Jones system and for the flexible 
SPC water model. The results are compared with corresponding direct free energy calculations 
using the temperature expanded ensemble and the efficiency vs precision of the two approaches 
are evaluated. 

Keywords: Free energy calculations; molecular dynamics; expanded ensemble; errors. 

1. INTRODUCTION 

The computation of free energy and other related quantities (chemical poten- 
tial, entropy) by Monte Carlo (MC) or molecular dynamics (MD) computer 
simulations has become an area of considerable interest. Knowledge of free 
energy is a key quantity for understanding molecular phenomena, such as 
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44 A. P. LYUBARTSEV rr a/. 

phase transitions, solvation, conformational transitions in macromolecules, 
chemical equilibria, to mention a few. The MC or MD simulation 
techniques are straightforward to use to obtain such characteristics of con- 
densed molecular systems as internal energy, pressure, radial distribution 
functions, for which there exists an appropriate microscopic analogue - an 
estimator. However. free energy, chemical potential and other quantities 
involving contributions from entropy, cannot be obtained by a simple (di- 
rect) averaging of an appropriate estimator. 

To calculate free energy within MC or M D  simulations, a number of 
methods have been proposed. Examples of these are: thermodynamical inte- 
gration [ 1-31, particle insertion [4,5], multistage sampling [6], various 
versions of umbrella sampling [7,8], perturbation methods [2,9, lo], ac- 
ceptance ratio method [ I  1,121, and several others. The reader is referred to 
review articles C13.141 for an update. Recently, a new approach, the ex- 
panded ensemble method, was suggested [lS] which allows us to calculate 
absolute free energies with a high precision for arbitrary systems using a 
relatively simple computational scheme within MC [ lS ]  or M D  [16] simu- 
lations. The general idea of the method is to compose an expanded en- 
semble, which is a sum of conventional (e.g. canonical) ensembles with 
pre-weighting (“balancing”) factors. A MC random walk, according to the 
Metropolis scheme [ 171, yields a probability distribution over suben- 
sembles, which is directly related to the ratio of corresponding partition 
functions and, hence, to the free energy differences. If the free energy of one 
of the subensembles is known (the reference system), we obtain the free 
energies for the other subensembles. It should be mentioned, that related 
approaches have been suggested in literature: semi-grand-canonical en- 
semble for chemical potential calculation [ 181, simulated tempering [ 191 
and force balance method [20]. 

The expanded ensemble method has been applied for free energy calcula- 
tions of different systems and found to be very accurate and effective. 
Examples of the applications so far are: primitive electrolyte model [lS, 211, 
Lennard-Jones fluids and liquid water [ 161. quantum Heisenberg model 
[21,22], ordered polyelectrolyte system [23], lattice polymers [24]. A 
Monte Carlo walk in the configurational space can be replaced by a con- 
stant-temperature M D trajectory [ 16,25 ]. 

The task of chemical potential calculations is closely related to the free 
energy calculations. For macroscopic systems the chemical potential p is 
related to the Gibbs free energy G: 
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DETERMINATION OF FREE ENERGY 45 

or to the Helmholtz free energy F :  

F z p N - P V  (lb) 

In order to calculate the free energies G or F ,  the corresponding chemical 
potential ,u has to be determined for a sufficiently large periodic pattern. 
The standard way to proceed is to use the Widom formula [4]: 

where h, ,  is the energy of “random insertion” of the ( N + 1 ):th particle. 
This method has been widely used for calculations of chemical potential 
1431. It suffers, however, from a drawback of becoming inefficient at liquid 
densities. Various techniques, such as,f-g sampling [26], umbrella sampling 
[27] and biased simulations [28], have been used to improve the applica- 
bility of the Widom formula ( 2 )  at high densities. 

An alternative technique is the application of the gradual particle inser- 
tion within the expanded ensemble method, in which the ( N  + 1):th particle 
is gradually mutated from a real particle into a “ghost” (non-interacting) 
particle. This method was suggested in Ref. [29], and it was, in fact, the first 
time when the expanded ensemble method was used, although expressed in 
slightly different terms. The method has proven to be a very efficient way of 
chemical potential calculations [lS, 291, including the case of dense poly- 
mer systems [30,31]. 

Clearly, the evaluation of chemical potential provides another route to 
obtain free energies. The attractive feature in doing so within the expanded 
ensemble method is the fact that only a single particle is needed to be 
inserted into the system, rather than converting the whole system into an 
ideal gas as it  has been done using the direct method for obtaining free 
energy [ lS] .  This is expected to offer some considerable computational 
savings. Previously, an analogous way was used in free energy calculations 
of a LJ system within the biased particle insertion method [32]. 

In this paper we have applied the expanded ensemble method to the chemi- 
cal potential calculations for a Lennard-Jones system and liquid water. In 
addition, we have vaned the number of intermediate subensembles in order to 
investigate characteristic features of the method and we have also performed an 
error analysis of the results. Finally, in the frame of the expanded ensemble 
method, we have compared the two ways to obtain free energies: the direct free 
energy calculations, as done in our previous work [16], and indirectly from the 
calculated chemical potentials according to Eq. (1). 
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46 A. P. LYUBARTSEV et a/ .  

2. EXPANDED ENSEMBLE METHOD FOR CHEMICAL 
POTENTIAL CALCULATIONS 

Generally, the chemical potential p can be expressed as a free energy difference: 

where Z ( N )  is the partition function and F ,  is the Helmholtz free energy of the 
system of N indentical particles. 

Another way is to calculate p from the corresponding Gibbs free energy 
difference: 

where Y ( N )  is the partition function of the NPT-ensemble. 
Consider an N-particle system into which an excess ( N  + 1):th particle is 

gradually inserted. At each insertion step we have a system with configur- 
ational partition function: 

where H ,  is the Hamiltonian of the system of N particles, h,  + I is the interac- 
tion energy of the (Nf 1):th particle with the other N particles, !xm is a set of 
values, gradually changing from 0 to 1. 

The partition function of the expanded ensemble can be given as: 

m = O  V i = l  

+ %mhN + 1(4,)) + Vm) ( 5 )  

s N + l  M 

= C Zrnex~(~nJ = C fl dqiexp (-B(HN(qi) 
m=O 

where ilm parameters are so called “balancing factors”. The 0:th subensemble 
with !x0 = O  corresponds to the system with N interacting particles and a single 
“ghost” particle. Its partition function is related to the total partition function 
of the N particles system Z ( N )  by: 

-where A is the de Broglie wavelength 
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DETERMINATION OF FREE ENERGY 47 

Subensembles with the increasing m correspond to the gradual insertion of the 
( N  + 1):th particle. The M:th subensemble with a, = 1 corresponds to the sys- 
tem with the true ( N  + 1) particle and the corresponding partition function: 

2, = ( N  + 1 ) ! Z (  N + l)A3(N+ (7) 

An MC walk in the expanded space of ((qi= l,...,N + l},m), combining two types 
of steps, particle displacements and changes of "m", yields the probability 
distribution over the subensembles p,, which satisfies: 

and from Eq.(3) above, (6) and (7) we have for the chemical potential: 

Usually, only the "excess" part of the chemical potential is of interest. For pex 
we have: 

For macroscopic systems the chemical potential is related to the Gibbs or 
Helmholtz free energy by (la) or (lb), respectively, thus for the corresponding 
Helmholtz excess free energy we have: 
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48 A. P. LYUBARTSEV e t a / .  

The pressure can be calculated in a conventional way using the virial expression: 

P V = N k T - x  
1.J 

In the expanded ensemble we can calculate the pressure at the two “end 
points”, corresponding to N and N + 1 particles, and take the mean value 
of the two. 

An alternative way to obtain chemical potentials is calculating of the 
Gibbs free energy difference at constant pressure according to: 

The Gibbs free energy difference can be obtained in an analogous way from 
the expanded NPT ensemble with gradually inserting the ( N  + 1):th par- 
ticle. The partition function in this case is given as 

where Ym are the configurational NPT partition functions of the systems 
with partially inserted ( N  + 1):particle. The MC procedure now consists of 
three types of steps: i )  particle displacements, ii) change of the volume 
according to an appropriate scheme to create an NPT ensemble [17] and 
iii) steps with gradual particle insertion or deletion (change of “in”). It is 
straightforward to show that the chemical potential and Helmholtz free 
energy can be obtained from the probability distribution over subsen- 
sembles pm using the same formulas (8) and (10) as in the case of NVT 
ensemble. One can apply constant-temperature/constant-pressure molecular 
dynamics [33] for moves in the coordinate space, combined with Monte 
Carlo steps for transitions among the subensembles. 

I t  is also possible to implement the expanded ensemble method in terms 
of purely dynamical simulations, by changing a discrete set of r,-points by 
a continuous r-interval and declaring r as a dynamical variable. The algo- 
rithm obtained in this way would be a complete analogue to grand canoni- 
cal molecular dynamics simulations [34,35] with the only exception that the 
number of particles fluctuates between N and N + 1. 
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DETERMINATION OF FREE ENERGY 49 

3. COMPUTATIONAL DETAILS AND THE NUMBER OF 
SUBENSEMBLES 

The use of the expanded ensemble method for each particular system or a 
specific application requires a number of parameters to be chosen in ad- 
vance. First, the number of subensembles, M, must be specified together 
with the points CI,, distributed within the interval [0,1]. In addition, the 
balancing factors, urn, have to be set. The problem of the optimum choice of 
the balancing factors has been discussed in details in our previous works 
[ 15,161. Here we will analyze the proper choice of subensembles. 

The intermediate subensembles are introduced to provide an effective 
sampling of the configurational space between the two end states (creating 
“an umbrella”). The expanded ensemble method resembles the “umbrella 
sampling” [7] in the sense that in both methods the probability distribution 
covers all the relevant regions of the configurational space in a single run. 
The difference is that in the expanded ensemble no special non-Boltzmann 
distribution is needed, an “umbrella” is automatically generated by MC 
transitions between subensembles. For an effective exploring of the con- 
figurational space the intermediate a, points should be chosen in such a 
way that a reasobably high probability is provided for transitions between 
subensembles. A large number of subensembles and small differences be- 
tween the CI, values may yield a good transition probability. However, using 
a small step size requires consequently more time for the system to walk all 
the way between the two extreme subensembles at the both ends. Larger 
intervals between the a, points, on the contrary, result in a poor acceptance 
probability. Apparently there exists a certain optimum number of suben- 
sembles with an optimum distribution of points, which yield a minimum 
statistical error in the calculated free energy. There is also an analogue to be 
found with the problem of choosing a maximum particle displacement in 
the conventional MC method: a general rule of thumb being that the ac- 
ceptance ratio should be about 50%. However in the case of free energy 
calculations based on the expanded ensembles method, one is only interest- 
ed in probabilities of the two extreme points, Po and P,, whereas the 
intermediate points and the corresponding canonical averages over them 
are of marginal importance. Therefore, the optimum number of suben- 
seinbles can be less than which follows from the 50% acceptance ratio 
criteria. 

We have performed a series of calculations of the chemical potential of a 
Lennard-Jones system using the expanded ensemble method with different 
number of intermediate subensembles in order to analyze the influence of 
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50 A. P. LYUBARTSEV er a1 

this parameter. The LJ system consisted of 256 particles with the following 
reduced parameters to specify the physical state: T* = kT/c  = 0.72, density 
p* = N o 3 / V =  0.82 in the NVT ensemble or pressure P* = Po3/c = 0.0024 in 
the NPT ensemble that corresponds to liquid argon system (o = 3.41 8, and 
c = 0.99 kJ/M) at T= 86 K, p = 1.364 g/cm3 and p = latm. The molecular 
dynamics version of the expanded ensemble method was used [16]. The time 
step was 1 fs and attempts to change the subensemble were made after each 
5 fs. The balancing factors were optimized in a number of initial trial runs 
with total length of 2.105 (200 ps) MD steps. The length of the final runs was 
extended to 2 ns. The statistical error was calculated from the variance of 
averages over intervals of 200 ps each over the entire MD trajectory. 

First, we carried out simulations with 20 subensembles at constant vol- 
ume and at constant pressure, respectively. The intermediate am points were 
chosen condensing close to 0, because the effective size of LJ particles 
decreases very slowly upon decreasing the a parameter. The results of these 
simulations are presented in Table I for the NVT and in Table I1 for the 
NPT ensemble. These both results nearly coincide and there is no differ- 
ence observed whether one of the two ensembles is more effective to use 

TABLE I Results of chemical potential calculations in the expanded NVT en- 
semble for a Lennard-Jones system, T* = 0.72, p* = 0.82. /I is the mean interaction 
energy of the inserted particle with the other particles, P* = Pa3/& is the reduced 
pressure, p -  and p + are the acceptance ratios of transitions to a subensemble with 
a smaller or a larger m, respectively. For more details, see the text 

P i  
~ ~ 

I .  -5.2 0064 -5.76 -11.35 0.004 - 0.92 
0.9 -3.6 0.066 -4.21 - 10.04 0.006 0.91 0.88 
0.8 -2.1 0.063 -2.65 -8.75 0.01 1 0.92 0.86 
0.7 -0.7 0.058 - 1.17 -7.47 0.013 0.92 0.91 
0.6 0.8 0.060 0.28 -6.22 0.014 0.88 0.89 
0.5 2.2 0.060 1.69 -4.95 0.016 0.89 0.85 
0.4 3.5 0.057 3.04 -3.72 0.019 0.90 0.79 
0.3 4.6 0.051 4.26 -2.51 0.021 0.87 0.68 
0.2 5.6 0.047 5.32 - 1.29 0.025 0.81 0.69 
0.1 6.2 0.047 5.93 -0.09 0.024 0.69 0.59 
0.04 5.8 0.044 5.58 0.55 0.020 0.61 0.68 
0.02 5.1 0.041 4.95 0.75 0.011 0.71 0.75 
0.0 I 4.4 0.043 4.2 I 0.79 0.004 0.12 0.62 
0.003 3.2 0.046 2.96 0.67 -0.009 0.58 0.69 
0.00 I 2.3 0.046 2.05 0.49 -0.015 0.70 0.69 
0.0003 1.5 0.042 1.36 0.34 -0.021 0.75 0.83 
0 . m 1  1.1 0.042 0.92 0.23 -0.023 0.81 0.84 
0.00003 0.8 0.044 0.59 0.15 -0.026 0.84 0.86 
0.00001 0.6 0.043 0.41 0.09 -0.027 0.88 0.62 
0. 0. 0.037 0. 0. -0.028 0.82 
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DETERMINATION O F  FREE ENERGY 51 

TABLE I1 Results of chemical potential calculations in the expanded NPT en- 
semble for a Lennard-Jones system, T* = 0.72, p* = 0.0024. Parameters and nota- 
tions are the same as in Table I 

1. 
0.9 
0.8 
0.7 
0.6 
0.5 
0.4 
0.3 
0.2 
0. I 
0.04 
0.02 
0.01 
0.003 
0.001 
0.0003 
o.oO01 
0.00003 
0.00001 
0. 

- 5.2 
- 3.6 
-2.1 
-0.7 

0.8 
2.2 
3.5 
4.6 
5.6 
6.2 
5.8 
5.1 
4.4 
3.2 
2.3 
1.5 
1.1 
0.8 
0.6 
0. 

0.064 
0.066 
0.063 
0.057 
0.056 
0.055 
0.053 
0.046 
0.045 
0.046 
0.046 
0.044 
0.045 
0.046 
0.046 
0.044 
0.046 
0.046 
0.045 
0.036 

-5.80 -11.40 
-4.20 -10.12 
-2.65 -8.80 
- 1.14 -7.51 

0.37 -6.26 
1.79 -5.00 
3.11 -3.75 
4.35 -2.51 
5.37 - 1.30 
5.95 -0.09 
5.56 0.58 
4.90 0.72 
4.18 0.77 
2.96 0.64 
2.07 0.49 
1.3 0.35 
0.86 0.24 
0.56 0.15 
0.38 0.09 
0. 0. 

0.8187 
0.8183 
0.8182 
0.8178 
0.8 177 
0.8178 
0.8 178 
0.8178 
0.8181 
0.8188 
0.8199 
0.8204 
0.8209 
0.8210 
0.82 13 
0.8218 
0.822 
0.8221 
0.8224 
0.8227 

- 

0.90 
0.91 
0.92 
0.00 
0.90 
0.86 
0.86 
0.80 
0.68 
0.60 
0.71 
0.72 
0.60 
0.70 
0.74 
0.79 
0.86 
0.88 
0.74 

0.90 
0.88 
0.83 
0.88 
0.88 
0.84 
0.79 
0.77 
0.70 
0.60 
0.69 
0.60 
0.60 
0.69 
0.73 
0.82 
0.86 
0.87 
0.62 
- 

than the other. The acceptance ratio for transitions between the suben- 
sembles are also the same and relatively high (about 80%) throughout the 
whole interval. In both simulations, the system appears to have walked 
about 80 times between the two end subensembles, corresponding to N 
and N + 1 particles, respectively. The statistical error of the probabilities 
P ,  is about 0.004, corresponding to a statistical error in chemical poten- 
tial and free energy of about 0.12 kT. 

Thereafter we repeated the calculations with a smaller number of a, 
points. These results are shown in Table 111. The distributions of the c1, 

points within the interval [O,l] were chosen in each case to provide a nearly 
uniform acceptance ratio for transitions between the subensembles. The 
specific sets of the used (a,} parameters are also given in TableIII. The 
optimum number of subensembles, which yields minimum statistical error, 
is 5 for the studied system, and it corresponds to an average acceptance 
ratio of about 30%. A smaller number of subensembles leads to a fast decay 
in the acceptance ratio values and also to a larger statistical error. The case 
with only two subensembles corresponds to the standard particle insertion 
method and we can see from Table111 that it has a very low acceptance 
ratio for the transitions, and consequently, it gives a large statistical uncer- 
tainty it the resulting value. A very large number of subensembles means a 
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DETERMINATION OF FREE ENERGY 53 

longer path between the ends, that results in increasing of the statistical 
error despite of more frequent transitions between the intermediate suben- 
sembles. However, a specific choice of the number of subensembles in rea- 
sonable limits is not very critical for the calculations. For example, the 
variation of M between 4 and 20 leads to no more than 500h increase of the 
statistical error compared to the optimum value. One further observation is 
that at the optimum number of subensembles, the average time for the 
system to walk from the 0:th to the M:th subensemble and back is mini- 
mized. This may be considered as another important criteria in choosing 
the optimum number of subensembles. 

4. THE PRESENT METHOD AND THE DIRECT FREE ENERGY 
CALCULATIONS 

4.1. Lennard-Jones System 

The excess free energy can be calculated from the excess chemical potential 
using Eq.(10), yielding for the LJ system with the specifications given in the 
previous section: F,,/NkT = - 4.72 f 0.08. This result can be compared 
with the corresponding free energy, obtained from the direct calculations 
(converting the whole system into an ideal gas using the method described 
in our previous work [16]). The corresponding result of the direct method 
was F,,/NkT = - 4.697 _+ 0.005. The computational parameters and the 
characteristic results from the calculation are given in Table IV. The results 
from using the both methods are within the statistical error. Comparing the 
computational efficiency, it can be concluded, on the one hand, that the 
direct free energy calculations are more accurate with a much lower statisti- 
cal error than arises from the corresponding chemical potential calculations. 
On the other hand, the direct free energy calculations require much more 
computational efforts for determination of suitable balancing factors. 

4.2. Liquid Water 

A comparison of the two ways of free energy calculations, from chemical 
potential using Eq. (10) and direct calculation, was repeated for the flexible 
SPC water model [36] .  The number of molecules was 256, periodic boundary 
conditions and the Ewald method [17] for the treatment of the electrostatic 
interactions were applied. We used the multiple time step algorithm by 
Tuckerman et al.[37] with the small time step of 0.2 fs for the fast fluctuating 
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TABLE IV Comparison of computational parameters and the results from two alterna- 
tive ways to calculate free energy for a LJ system. Parameters are the same as in Table I 

method from chem.por. direct free 
nnd.formula ( 1 0 )  energy calculations 

-FiNkT 
statistical error 
number of subensembles 
number of trial runs to 
fit the balancing factors 
total length of the tnal 
runs (MD steps) 
total length of the 
final run with averaging 
average acceptance 
ratio of transitions between 
subensembles 
average number of steps 
to walk from one end 
point to another and back 

-4.12 
0.08 

3 

2.105 

2.106 

0.32 

-4.697 
0.005 

6 

3.10b 

2.106 

0.11 

2.106 

intramolecular degrees of freedom and for intermolecular interactions be- 
tween the nearest neighbours and the large time step 1.0 fs for the slower 
intermolecular movements. Attempts to make transitions among the suben- 
sembles were performed after each 5 fs. In the case of direct free energy 
calculations, the initial choice of balancing factors was made on the basis of 
our previous free energy calculations for the system of 108 water molecules. 
It appeared, however, that a few additional simulations for optimization of 
balancing factors for the larger system of 256 molecules were necessary. 

The final results for liquid water are shown in Table V. One can observe, 
that as in the case for the Lennard-Jones system, the direct free energy 
calculation is more accurate with much lower statistical error. However, it 
requires much more computing time to adjust the balancing factors so that 
the whole range of subensembles can be convered in one single run. As in 
the case of Lennard-Jones system, no differences were found between calcu- 
lations using the NVT and NPT ensembles, respectively. 

5. DISCUSSION 

The results of the comparative study of the two ways of free energy calcula- 
tions are understandable. In the expanded ensemble, the statistical error in 
the probabilities P ,  is related to the statistical error of the free energy 
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TABLE V Comparison of computational parameters and results from two alternative ways 
of free energy calculations for the flexible SPC water model. For more details, see the text 

method from chem.pot. direct free 
and formula (10) energy 
N V T  N P T  r.alculations 

F/N (kJ/M) 
statistical error 
number of subensembles 
number of trial runs to 
fit the balancing factors 
total length of the trial runs (MD steps) 
total length of the 
final run with averaging 
average acceptance ratio of 
transistions between subensembles 
average number of steps to walk from 
one end point to another and back 

-21.3 -26.5 
0.1 0.7 

20 20 
3 * 

2.10” 
5.105 5.105 

0.38 0.38 

3.104 3.104 

- 26.15 
0.02 

50 
8 

4.10’ 
3. lo6 

0.22 

2.106 

change for the whole system [IS]: 

The calculated quantity in the temperature expanded ensemble [l5] is the 
free energy difference between the system and the ideal gas. Consequently, 
for a specific free energy (per molecule), the statistical error is divided by the 
number of particles, N. Even in the case where the uncertainty in the ratio 
of the end point probabilities, Po and P,, is of an order of a magnitude, the 
statistical error in specific free energy FIN is still very small. For example, 
for N = 256 it will be about 0.01 kT, and it will further decrease with in- 
creasing the number of particles. The cost of the high precision is the 
necessity to carry out a very delicate tuning of the balancing factors. If it is 
not done and deviations of the balancing factors from their optimum values 
exceed (per particle) several k7’,”, some of the probabilities p ,  would be 
vanishingly small and could not be determined in a finite simulation run. 
Another reason to a rapid increase of the computing time within the tem- 
perature expanded ensemble with increasing N is the fact that the energy 
distributions become narrower. A good acceptance ratio of transitions be- 
tween subensembles can be achieved only if their shifted on q, energy 
distributions overlap [15,24]. That is why, with a rise of N ,  more intermedi- 
ate subensembles are needed to provide overlapping energy distributions 
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and, consequently, a reasonable acceptance ratio for the transitions between 
subensembles. The growing number of subensembles is responsible for the 
increase of the time both to optimize the balancing factors and to make the 
complete walk between the two extreme subensembles. Naturally, for any 
evaluation of probabilities Po and P,, the system must accomplish at least 
one returned walk between the two extreme subensembles. This can be 
considered as a minimum requirement for free energy calculations using the 
direct expanded ensemble method [lS]. For systems with very large number 
of particles, this may be a limitation and using the present method may still 
be beyond the available computer resources. 

In contrary to the latter, the calculations of chemical potentials are 
stable with respect to the number of particles. An increase of the number 
of particles N leads in this case only to an increase of the CPU time to 
move the particles in the coordinate space, while the requirements for the 
number of subensembles and the accuracy in fitting the balancing factors 
are kept unchanged. O u r  simulations show that the chemical potential 
and the corresponding specific free energy can be determined within a 
precision of about 0.5 kT for systems like water, after about 200-300 ps of 
simulations, including also the time needed for the optimization of the 
balancing factors. Longer simulations will produce more accurate results 
with the statistical error scaling in usual way, as t - ' ' 2 ,  t being the duration 
of the simulation. 

As a conclusion of the present study we find that if we need to obtain 
very accurate values of free energy, the temperature expanded ensemble 
with the accompanied calculation of the absolute free energy is the best 
choice. But if such a high precision in the free energy is not important or if 
the task is beyond the available computing resources, the now presented 
scheme for the chemical potential calculations, by gradual insertion of a 
particle and subsequent determination of the free energy should be a good 
alternative method in hands. 

Finally, the relation between the free energy and the chemical potential 
can be used in opposite direction. If we are interested in a very accurate 
value of the chemical potential, the best way to obtain one, is to carry out a 
direct free energy calculation and to use Eq. (10) to calculate an accurate 
value of the chemical potential. 
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